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Intra-inter band pairing, order parameter symmetry in Fe-based superconductors : A
model study
Smritijit Sen, Haranath Ghosh∗
Indus Synchroton Utilization Division, Raja Rammana Centre for Advanced Technology, Indore, 452013, India.
In the quest of why there should be a single transition temperature in a multi-gapped system
like Fe-based materials we use two band model for simplicity. The model comprises of spin density
wave (SDW), orbital density wave (ODW) arising due to nested pieces of the electron and hole like
Fermi surfaces; together with superconductivity of different pairing symmetries around electron and
hole like Fermi surfaces. We show that either only intra or only inter band pairing is insufficient to
describe some of the experimental results like large to small gap ratio, thermal behaviour of electronic
specific heat jump etc. It is shown that the inter-band pairing is essential in Fe-based materials
having multiple gaps to produce a single global Tc. Some of our results in this scenario, matches with
the earlier published work [19], and also have differences. The origin of difference between the two
is also discussed. Combined intra-inter band pairing mechanism produces the specific heat jump to
superconducting transition temperature ratio proportional to square of the transition temperature,
both in the electron and hole doped regime, for sign changing s± wave symmetry which takes the
d+s pairing symmetry form. Our work thus demonstrates the importance of combined intra-inter
band pairing irrespective of the pairing mechanism.
PACS numbers: 74.20.-z,74.70.-b,74.25.Bt
I. INTRODUCTION
Recent discovery of high temperature superconductiv-
ity at 26 K in LaFeAsO doped with F on the oxygen
site in 2008 is of immense importance [1] in the his-
tory of superconductivity. These new types of super-
conductors have conducting layers of iron and a pnic-
tide (Pn)/chalcogenide (Ch) (typically arsenic/selenium)
and seems to show great potential as the next gener-
ation high temperature superconductors. Dominance of
Fe electrons at the Fermi surface (FS) and unusual Fermi-
ology, that can be modulated by doping, makes normal
and SC state properties of iron-based superconductors
quite unique compared to those of conventional electron-
phonon coupled superconductors [2]. These Cu (some-
times also O) free new compounds are different from the
high Tc cuprates and may lead to a non-BCS (Bardeen,
Cooper and Schrieffer Theory) type superconductivity
with a better theoretical and experimental understanding
on the mechanism of unconventional high-Tc supercon-
ductivity. Importance of mutual influences of electronic
spin degrees of freedom (magnetism), orbital degrees of
freedom (orbital order) and pairing symmetry in super-
conductivity can not be overemphasised, all these play a
special role in Fe-based materials [3, 4]. Pairing mecha-
nism and information about the pairing symmetry of the
cooper pair wave-functions are the key ingredients for
developing a theory of these iron-based superconductors.
The total electronic wave function of the cooper pairs
must be antisymmetric under their exchanges. There-
fore, for spin singlet state (S = 0) which is antisymmet-
ric, its orbital wave function would be symmetric, leading
∗Both the authors have equal contribution in this work.
to s-wave, d-wave, g-wave type orbital natures. In con-
trast, for spin triplet state (S = 1), its spin wave function
being symmetric, its orbital wave function would be anti-
symmetric (p-wave, f wave etc.). In the conventional low
Tc superconductors (e.g., Pb, Al, Hg, Nb, Nb3Sn etc.),
the phonon mediated electron-electron interaction leads
to spin singlet pairing with s-wave symmetry. On the
other hand, the pairing symmetry of cooper pairs in the
high Tc cuprate superconductors is dominantly dx2−y2
kind and it corresponds to l=2 orbital angular momen-
tum [5–9]. With significantly improved sophisticated ex-
perimental and theoretical tools, the question of pair-
ing symmetry in Fe-based superconductors is thoroughly
studied and there are enough experimental evidences for
some version of the so-called s± state [10–12], although
predictions of other pairing states like s++ state mediated
by orbital fluctuations are also available in the literature
[13, 14]. However, order parameter (OP) symmetry and
the pairing mechanism are far from being settled. Neu-
tron scattering experiments provide convincing indica-
tion for a sign changing SC energy gap ∆(k) on different
parts of the FS in a number of iron based superconduc-
tors [15]. Experimental studies on the SC gap in iron-
based superconductors reveal that there are two nearly
isotropic gaps with characteristics ratios 2∆SC(k)/kBTc
= 2.5 ± 1.5 (for small gap on the outer Γ-barrel) and 7±2
(on the inner Γ-barrel and the propeller-like structure
around the X point, for large gap) which is considerably
different from the conventional BCS characteristic ratio
3.5 [16]. The behaviour of specific heat of these iron-
based superconductors is also distinctly different. For
conventional BCS superconductors, the electronic spe-
cific heat (Ce) decreases exponentially with decrease of
temperature below Tc. But in case of iron-based super-
conductors the electronic specific heat decreases with de-
creasing temperature below Tc obeying power law. In
2general, specific heat data not only reveals the SC tran-
sition at lower temperatures but also about the higher
temperature transitions, like structural and magnetic [for
example, spin density wave (SDW), orbital density wave
(ODW)] transitions. If enough magnetic field is applied
to conquer Tc appreciably, C/T extrapolated to T = 0
from normal state data provides Sommerfeld constant
γn ≡ limT→0 Cnormal/T , which is proportional to the
renormalized bare electron density of states at the Fermi
energy N(0); i.e., γn ∼ (1 + λ)N(0), (where λ can be
a combination of electron-phonon and electron-electron
interactions). It is a very useful parameter exploitable
from specific heat data, as it is related to band struc-
ture calculations, resulting density of state N(0). Fur-
thermore, the same is also related to the de Haas van
Alphen measurement of effective masses of various FS
orbits (γn ∝ m
∗). Because of large phononic contribu-
tion at higher temperatures, the specific heat jump (∆C)
is not clear in some cases. If the phonon contribution to
the specific heat below Tc can be accurately estimated,
e.g., via substitution of a neighbouring composition (re-
placing Fe by Co doping as they have almost same molar
mass) that is not superconducting, one can extrapolate
the electronic specific heat (Ce) below Tc and calculate
γn. Another important parameter that correlates ∆C
and Tc is ∆C/Tc, and dependence of ∆C/Tc with Tc for
iron-based superconductors is again quite different from
all other classes of superconductors including electron-
phonon coupled conventional superconductors. Bud’ko,
Ni and Canfield (BNC) plotted ∆C/Tc as a function of
T 2c for 14 different samples of various doped BaFe2As2
superconductors which indicate ∆C/Tc = aT
2
c with a ∼
0.056 mJ/mole-K4 [17]. Later on J. S. Kim et al., mod-
ified BNC plot to include all other FePn/Ch supercon-
ductors and showed ∆C/Tc = aT
1.9
c with a ∼ 0.083
mJ/mole-K4 [18] whereas the electron-phonon coupled
conventional superconductors show significantly different
temperature dependence (e.g., ∆C/Tc ∝ Tc). In this re-
spect also Fe-based materials are unique, in the sense
that none of the so far known earlier classes (like conven-
tional BCS, A-15, heavy fermion, high Tc cuprates etc.)
of superconductors follow ∆C/Tc ∝ T
2
c .
In this work, we use the minimal two band model
(dxz, dyz) of superconductivity in three different scenar-
ios: (i) intra band pairing (ii) inter band pairing and (iii)
combined intra-inter band pairing on equal footing to
study Fe-based superconductors. In case of intra band
pairing two distinctly different Tcs are obtained which
does not meet the experimental finding of single Tc from
angle resolved photo emission studies (ARPES). There-
fore, only intra band pairing is not sufficient to describe
Fe-based materials and hence excluded from our calcu-
lations. In the inter-band only pairing potential, single
Tc is obtained. In this picture, we present our analytical
results of integral gap equations involving all the orders
like SDW, ODW, and superconducting (SC) gaps around
electron, hole Fermi surfaces. We show that in the lim-
iting case of vanishing SDW, ODW orders, the SC gap
equations reproduce similar form as published in [19].
Therefore, our work is more generalization of the work
[19] including SDW and ODW orders. We show that only
inter-band pairing interaction of superconductivity can
not produce specific heat jump such that ∆C/Tc ∝ T
2
c .
Thus, as suggested in [19] we consider both intra-band
and inter-band pairing on an equal footing which repro-
duces some of the experimental features like the ratio
of large gap/small gap at T=0K (that inter-band pic-
ture fails to produce). We show that the behaviour of
∆C/Tc with Tc and the estimated values of 2∆SC/kBTc
are consistent with the experimental observations on 122
family of FePn in the combined intra-inter band pairing
picture. From our theoretically calculated data we found
two jumps in the thermal variations of electronic specific
heat, one at low temperature (SC transition) and an-
other at higher temperature (SDW and ODW transition).
We also calculate the value of 2∆SC/kBTc within two
band model of Fe-based superconductors (both electron
and hole doped situation), for all possible allowed pair-
ing symmetry from the temperature dependent supercon-
ducting order parameters (SCOP). We further studied in
detail, the behaviour of specific heat as a function of tem-
perature for all possible allowed pairing symmetries like
isotropic s-wave, d+s, sxy etc. In each case, we have cal-
culated the value of ∆C/Tc as a function of Tc which
matches nicely with experimental behaviour. Through
these model calculations we argue that, both inter as
well as intra band pairing (irrespective of pairing mech-
anism) is required to explain some of the observed data.
Rest of the paper is organized as follows. In the next
section we describe our theoretical model describing its
essential ingredients leading to the detailed calculations
of the various OPs which are then used to calculate spe-
cific heat. In the results and discussion section we discuss
our detailed results and finally conclude in the conclusion
section.
II. THEORETICAL MODEL
First principle band structure calculations reveal that
the density of states near Fermi level dominantly have
Fe-3d character. Among all these Fe orbitals, 3dyz,3dxz
have the most contribution to the density of states at the
Fermi level [20]. Cao et al., [21] used 16 localizedWannier
functions to build a tight binding effective Hamiltonian.
Kuroki et al., [22] have used a five orbital tight binding
model to explain the nature of band structure near the
Fermi energy. S. Raghu et al., [23] suggested a minimal
two-band model that generates a topologically similar FS
observed experimentally. We use two orbitals (dxz ,dyz)
per site on a two dimensional square lattice of iron. We
take the mean field model Hamiltonian within the two
3band picture as [24],
H =
FBZ∑
k,σ
εekC
†
k,σCk,σ +
FBZ∑
k,σ
εhkf
†
k,σfk,σ +∆SDW
FBZ∑
k,σ
(C†k,σσ
z
σ,σ′fk+Q,σ′ + h.c.)− i
FBZ∑
k,σ
∆ODW (C
†
k,σfk+Q,σ
−f †k+Q,σCk,σ) +
FBZ∑
k
∆SC(k)(C−k,↓Ck,↑ +
f−k,↓fk,↑ + h.c.) (1)
The first two terms of the above Hamiltonian represent
FIG. 1: Fermi Surface (or zero energy contour) in the reduced
+ rotated brillouin zone for µ =1.42 evaluated within two
band model.
kinetic (band) energies in the electronic (Ck,σ being the
annihilation operator of an electron with spin σ) and hole
(fk,σ being the annihilation operator of a hole) bands
around the four corners M and Γ points respectively (see
FIG.1). The electronic and hole band dispersions are
obtained as, [23–25] ε
e/h
k = ǫ+(k)±
√
ǫ2−(k) + ǫ
2
xy(k)−µ
where ǫ+(k) = −(t1+t2)(cos kx+cos ky)−4t3 cos kx cos ky
for two band model. The OPs ∆SDW ,∆ODW represent
respectively the spin density wave (SDW) and orbital
density wave (ODW) that involves ordering between
the electron and hole like bands (that are nested by
the nesting vector Q = (0, π) or (π,0). This ingredient
in our model that the electron-like FS nests with the
hole-like one and vice versa, is justified as it is consistent
with recent experimental finding [26]. In ref [26] weak
z-direction dispersion among the Γ barrel and electron
FSs are found resulting quasi-2d nested nature [27].
For further details see below. The fifth term represent
the terms involving superconductivity (SC) where
∆SC (k) = (∆
e
SC (k) − ∆
h
SC (k)); ∆
e/h
SC being SCOP
around the electronic and hole FSs respectively. Our
model consideration of 3dyz,3dxz orbitals for super-
conductivity is also consistent with very recent finding
of electron pairing at Fe-3dyz,xz orbitals [28]. The
most general form of on-site interaction Hamiltonian
for two band model may be obtained as, Hon−site =
1
2
∑
i,σ,σ′
∑
α,β,γ,δ=c,f U
α,β
γ,δ Ψ
†
i,α,σΨ
†
i,β,σΨi,δ,σ′Ψi,γ,σ′
where, Ψ†i,c,σ = C
†
i,σ and Ψ
†
i,d,σ = f
†
i,σ as used
in the Hamiltonian (1) in momentum representa-
tion. Several intra and inter pocket electron-electron
repulsion terms exists and according to the for-
mulation [29], the mean field theory of SDW and
ODW is obtained considering the mean field OPs as,
∆SDW = −Uinter
∑FBZ
k,σ < C
†
k,σfk+Q,σ + h.c. > and
∆ODW = −iVODW
∑FBZ
k,σ < C
†
k,σfk+Q,σ−f
†
k+Q,σCk,σ >
where both the Uinter and VODW are related to
Uddcc (see for details [29]). Typical terms corre-
sponding to superconductivity are given as fol-
lows, HSC =
∑FBZ
k,k′ (V
e
k,k′C
†
k↑C
†
−k↓C−k′↓Ck′↑ +
V hk,k′f
†
k↑f
†
−k↓f−k′↓fk′↑ + V
e−h
k,k′ C
†
k↑C
†
−k↓f−k′↓fk′↑ + h.c.).
The first two terms correspond to intra-band pairing and
the pairing interaction Vk,k′ is defined either around the
electron like or hole like Fermi Surface; whereas the third
term corresponds to inter-band type pairing interaction.
All these terms are considered to arrive at the mean
field Hamiltonian (1). As mention earlier we will solve
this Hamiltonian (1) in three different scenarios.
A. Intra-band pairing
When only intra-band pairing terms are considered in
the Hamiltonian (1), we obtained the gap equations:
∆SDW = USDW
∑
k
(
∆e
−
SC
Ee
−
k
)
tanh
(
βEe
−
k
2
)
+
(
∆e
+
SC
Ee
+
k
)
× tanh
(
βEe
+
k
2
)
+
(
∆h
−
SC
Eh
−
k
)
tanh
(
βEh
−
k
2
)
+
(
∆h
+
SC
Eh
+
k
)
tanh
(
βEh
+
k
2
)
(2)
∆ODW = VODW
∑
k
∆ODW
Ee
−
k
tanh
(
βEe
−
k
2
)
+
∆ODW
Ee
+
k
× tanh
(
βEe
+
k
2
)
+
∆ODW
Eh
−
k
tanh
(
βEh
−
k
2
)
+
∆ODW
Eh
+
k
tanh
(
βEh
+
k
2
)
(3)
∆eSC =
∑
k′
V e
kk′
{
∆e−SC
Ee
−
k′
tanh
βEe
−
k′
2
−
∆e+SC
Ee
+
k′
tanh
βEe
+
k′
2
}
(4)
4∆hSC =
∑
k′
V h
kk′
{
∆h−SC
Eh
−
k′
tanh
βEh
−
k′
2
−
∆h+SC
Eh
+
k′
tanh
βEh
+
k′
2
}
(5)
where the quasi particle energies in equations (2,3,4,5)
are obtained as,
Ee
±
k = ±
√
(εek)
2
+
(√
∆2SDW +∆
2
ODW ±∆
e
SC
)2
= ±
√
(εek)
2
+
(
∆e
±
SC
)2
Eh
±
k = ±
√(
εhk
)2
+
(√
∆2SDW +∆
2
ODW ±∆
h
SC
)2
= ±
√(
εhk
)2
+
(
∆h
±
SC
)2
(6)
An effective gap around the electron Fermi Surface (∆e
±
SC)
appears in the electronic band (εek) where as the same
around the hole Fermi Surface (∆h
±
SC) appears in the hole
band (εhk). In the presence of SDW and ODW orders
the two SC orders ∆
e/h
SC (k) (given by equation (4,5)) are
still coupled through the equations (2,3) appearing in
the quasi-particle energies (6). To note that the SDW,
ODW orders are inter-band in nature and thus even in
intra-band pairing picture both the ∆
e/h
SC (k) orders have
inter-band effect. In the intra-band picture however, the
self-consistent solutions of the gap equations results in
two SC gaps which vanish at two distinctly different Tcs
[30]. Such a picture would result in two specific heat
jumps below Tc. These features do not support the well
known ARPES data [31], and hence excluded from rest of
our calculations. In the limiting case of vanishing ∆SDW ,
∆ODW , the SC gap equations take usual BCS form,
∆eSC =
∑
k′
V e
kk′
2∆eSC
Ee
k′
tanh
(
βEe
k′
2
)
(7)
∆hSC =
∑
k′
V h
kk′
2∆hSC
Eh
k′
tanh
(
βEh
k′
2
)
(8)
Where the quasi particle energies are given as,
Eek = ±
√
(εek)
2 + (∆eSC)
2
Ehk = ±
√(
εhk
)2
+
(
∆hSC
)2
(9)
B. Inter-band pairing
We also obtain the gap equations in the inter-band
pairing only, such gap equations take very similar form
as that of in ref [19]; temperature dependence of those
results in a single Tc.
∆SDW = USDW
∑
k
(
∆e
−
SC
Ee
−
k
)
tanh
(
βEe
−
k
2
)
+
(
∆e
+
SC
Ee
+
k
)
× tanh
(
βEe
+
k
2
)
+
(
∆h
−
SC
Eh
−
k
)
tanh
(
βEh
−
k
2
)
+
(
∆h
+
SC
Eh
+
k
)
tanh
(
βEh
+
k
2
)
(10)
∆ODW = VODW
∑
k
∆ODW
Ee
−
k
tanh
(
βEe
−
k
2
)
+
∆ODW
Ee
+
k
× tanh
(
βEe
+
k
2
)
+
∆ODW
Eh
−
k
tanh
(
βEh
−
k
2
)
+
∆ODW
Eh
+
k
tanh
(
βEh
+
k
2
)
(11)
∆eSC =
∑
k′
V e
kk′
{
∆h−SC
Ee
−
k′
tanh
βEe
−
k′
2
−
∆h+SC
Ee
+
k′
tanh
βEe
+
k′
2
}
(12)
∆hSC =
∑
k′
V h
kk′
{
∆e−SC
Eh
−
k′
tanh
βEh
−
k′
2
−
∆e+SC
Eh
+
k′
tanh
βEh
+
k′
2
}
(13)
where the quasi particle energies are calculated as,
Ee
±
k = ±
√
(εek)
2
+
(√
∆2SDW +∆
2
ODW ±∆
h
SC
)2
= ±
√
(εek)
2
+
(
∆h
±
SC
)2
Eh
±
k = ±
√(
εhk
)2
+
(√
∆2SDW +∆
2
ODW ±∆
e
SC
)2
= ±
√(
εhk
)2
+
(
∆e
±
SC
)2
(14)
Equation(14) may be contrasted with that of the (6).
Unlike the previous case of intra-band pairing, in the
inter-band picture the effective gap (∆h
±
SC) which involves
SC gap around the hole FS, appears in the electronic
band (εek). On the other hand, the effective gap (∆
e±
SC)
appears in the hole band (εhk) involves ∆
e
SC , the SC gap
around the electronic FS. Such nature of quasi-particles
lead to several unusual properties like large BCS Charac-
teristic ratio, identical transition temperatures to multi-
gaps, their thermal behaviours and in general does not
follow weak-coupling behaviours. In the limiting case
of vanishing ∆SDW , ∆ODW the SC gap equations take
forms as,
∆eSC =
∑
k′
V e
kk′
2∆hSC
Ee
k′
tanh
βEe
k′
2
(15)
5∆hSC =
∑
k′
V h
kk′
2∆eSC
Eh
k′
tanh
βEh
k′
2
. (16)
Where the quasi particle energies are given as,
Eek = ±
√
(εek)
2
+
(
∆hSC
)2
Ehk = ±
√(
εhk
)2
+ (∆eSC)
2
. (17)
The gap equations (15, 16) may be contrasted with
that of the reference [19]. In ref.[19] the gap equations
have slightly different form than that of equations (15,16)
in our work. The difference appears in the form of quasi-
particle energies, E1,2k =
√
(ε1,2k − µ)
2
+∆21,2 in ref [19],
in contrast to E
e/h
k [given in equations (17)]. The reason
for this difference is that no nesting between ǫ1k and ǫ
2
k
are considered in work [19]. Also there is no considera-
tions on influence of sign-changing superconducting order
parameter (SCOP). Given the fact that Fe-based super-
conductors do show evidence of nesting, sign changing
of SC-order parameter these considerations are essential.
This has caused difference between our equations (15,16)
and that of ref[19]. In our work, the results in the equa-
tions (15,16) include consideration of inter-band nesting
and sign changing effect of the SCOP (εek+Q = −ε
h
k,
εhk+Q = −ε
e
k and ∆
e
SC(k +Q) = −∆
h
SC , ∆
h
SC = −∆
e
SC)
from electron like FS to the hole like FS and vice versa.
By construction of the gap equations in this subsection,
vanishing or finite magnitude of any of the SC-gaps ∆
e/h
sc
ensures the same for the other gap ∆
h/e
sc . This is precisely
the reason for a single Tc in the inter-band picture and
such pairing interaction is an essential feature in Fe-based
materials.
However, in a multi-band system like Fe-based mate-
rials intra band pairing cannot be neglected. Moreover,
the thermal variation of the specific heat jump when com-
puted based on purely inter-band pairing does not follow
the ∆C/Tc ∝ T
2
c form. In the combined intra-inter band
pairing mechanism the BCS characteristic ratio, specific
heat results resemble with experimentally observed one.
Our findings of large values of BCS characteristic ratio
is a consequence of the strong inter band pairing. These
findings not only further asserts some of the findings of
the earlier work that the BCS theory for such supercon-
ductors is not the weak-coupling limit of the Eliashberg
theory [19], but also the fact that the present work is
a more generalization of the same including magnetic,
orbital orders as applicable to Fe based systems.
C. Intra-Inter band pairing
More appropriate picture that describes Fe-based su-
perconductors, may be intra-inter band pairing. In that
case all the terms of the (1) are to be considered. To-
gether with the intra and inter band nature of SC-pairing
interaction, the above Hamiltonian (1) also have the abil-
ity to handle sign changing as well as no-sign-changing
SCOPs. In the two cases the Hamiltonian takes two dif-
ferent forms which when solved leads to two different set
of eigenvalues namely, for sign-changing OPs,
Ee
±
k = ±
√
(εek)
2
+
(√
∆2SDW +∆
2
ODW ±∆SC(k)
)2
= ±
√
(εek)
2
+
(
∆±SC(k)
)2
Eh
±
k = ±
√(
εhk
)2
+
(√
∆2SDW +∆
2
ODW ±∆SC(k)
)2
= ±
√(
εhk
)2
+
(
∆±SC(k)
)2
, (18)
and for no-sign-changing OPs,
Eek = ±
√
(εek)
2
+∆2SDW +∆
2
ODW + (∆SC(k))
2
Ehk = ±
√(
εhk
)2
+∆2SDW +∆
2
ODW + (∆SC(k))
2 (19)
when intra and inter-band pairing are treated on an equal
footing.
We also obtain and solve the gap equations involving
various orders to calculate specific heat. The gap equa-
tions in the sign-changing OP scenario are given as below.
∆SDW = USDW
∑
k
∆−SC
Ee
−
k
tanh
(
βEe
−
k
2
)
+
∆+SC
Ee
+
k
× tanh
(
βEe
+
k
2
)
+
(
∆−SC
Eh
−
k
)
tanh
(
βEh
−
k
2
)
+
(
∆+SC
Eh
+
k
)
tanh
(
βEh
+
k
2
)
(20)
∆ODW = UODW
∑
k
∆ODW
Ee
−
k
tanh
(
βEe
−
k
2
)
+
∆ODW
Ee
+
k
× tanh
(
βEe
+
k
2
)
+
∆ODW
Eh
−
k
tanh
(
βEh
−
k
2
)
+
∆ODW
Eh
+
k
tanh
(
βEh
+
k
2
)
(21)
∆eSC(k) =
∑
k′
V ekk′
{
∆
−
SC
Ee
−
k′
tanh
βEe
−
k′
2
−
∆
+
SC
Ee
+
k′
tanh
βEe
+
k′
2
}
(22)
∆hSC(k) =
∑
k′
V hkk′
{
∆
−
SC
Eh
−
k′
tanh
βEh
−
k′
2
−
∆
+
SC
Eh
+
k′
tanh
βEh
+
k′
2
}
(23)
6For no-sign-changing OP symmetries we have obtained,
∆SDW
2USDW
=
∑
k
{
∆˜
Eek
tanh
βEek
2
+
∆˜
Ehe
tanh
βEhk
2
}
(24)
∆ODW
2UODW
=
∑
k
{
∆ODW
Eek
tanh
βEek
2
+
∆ODW
Ehk
tanh
βEhk
2
}
(25)
∆eSC =
∑
k′
V e
kk′
2∆SC
Ee
k′
tanh
(
βEe
k′
2
)
(26)
∆hSC =
∑
k′
V h
kk′
2∆SC
Eh
k′
tanh
(
βEh
k′
2
)
(27)
For the set of gap equations (20, 21, 22, 23) the quasi-
particle energies involved are given by (18) whereas for
the set of gap equations (24, 25, 26, 27) the quasi-particle
energies involved are given by (19).
Therefore, we solve these four gap equations numeri-
cally following the procedure as in [24] for different al-
lowed pairing symmetries like dx2−y2+sx2+y2 / s
±, sxy
that changes sign between the electron and hole like
Fermi Surface and isotropic s-wave for no sign changing
OP, in the combined intra-inter band pairing mechanism.
Variation of SCOPs (energy gap) with temperature, as
obtained from the four coupled equations, can be used to
calculate 2∆SC/kBTc as well as specific heat as a func-
tion of temperature. Specific heat can be obtained from
the electronic entropy which is defined as:
FIG. 2: Temperature variation of various OPs like SDW (in
black), ODW (in red) and superconductivity (electron FS vi-
olet, Hole FS blue) in only inter-band (left) and intra-inter
(right) band pairing for hole doped (µ = 1.42) system having
d+s pairing symmetry. Characteristics ratios and SC Tcs are
indicted in the figure.
Ses = −2kB
∑
k
[(1− fk) ln(1− fk) + fklnfk] (28)
where fk = (1 + e
βEk)−1 is the Fermi function and β =
1/kBT . Electronic specific heat can be found using the
relation C= -β dSesdβ
FIG. 3: Temperature variation of various OPs like SDW (in
black), ODW (in red) and superconductivity (electron FS vi-
olet, Hole FS blue) for different 122 FePn having different
Tcs for electron doped (µ = 1.53) system having d+s pairing
symmetry. Variation of BCS characteristic ratio with differ-
ent Tcs are indicated.
Different pairing symmetries are imposed in SCOPs
which significantly modifies the temperature variation of
all the OPs as they are coupled with each other (see for
details in the next section). Doping (electron or hole) is
controlled by chemical potential µ. Behaviour of the elec-
tronic specific heat particularly the jump in specific heat
are also modified depending on the pairing symmetry.
III. RESULTS AND DISCUSSIONS
A. Calculation of BCS Characteristic ratio :
BCS characteristics ratio, is defined as 2∆SC/kBTc ,
where ∆SC is the SC gap at T=0K. Weak coupling BCS
theory predicts characteristics ratio of conventional su-
perconductors as 3.5. We have solved all the four cou-
pled gap equations numerically for three cases (i) intra-
band (ii) inter-band and (iii) intra-inter band pairing on
an equal footing to get different OPs (SDW, ODW, SC
around electron and hole FS) as a function of temper-
ature. In case of intra-band pairing we got two dif-
ferent Tcs for two SCOPs (electron and hole band) as
reported earlier [30]. As this behaviour is not consis-
tent with the experiments, other two possibilities (inter-
band and intra-inter band pairing) are examined thor-
7FIG. 4: Temperature variation of various OPs like SDW (in
black), ODW (in red) and superconductivity (electron FS vi-
olet, Hole FS blue) for different 122 FePn having different Tcs
for hole doped (µ = 1.42) system having d+s pairing symme-
try. Variation of BCS characteristic ratio with different Tcs
are indicated
oughly. Temperature dependence of various order pa-
rameters (SDW, ODW, SC around electron and hole FS)
for inter-band and intra-inter band pairing are shown
in FIG.2(a) and FIG.2(b) respectively for d+s pairing
symmetry (all other conditions remain identical for both
the cases). A closer look to the SC gap equations [sec
IIB, equations(12,13)] in the purely inter-band picture
indicates the following. If at a given temperature and
doping ∆esc becomes zero (or finite) then it simultane-
ously make ∆hsc also zero (or finite). That is both the
SCOPs either exist or does not exist, ensuring simulta-
neous opening up of both the gaps. Since respective gaps
are opened to their partner’s band density of states, there
is a competition between it. So growth of both of the
gaps are competitive leading to large 2∆SC/kBTc ratio.
In the combined intra-inter band picture however; the
pairing strength contribution from intra-band one leads
to opening up of any of the gaps slightly higher in tem-
perature leading to higher Tc. This also leads to larger
growth of the gaps at the lower temperatures leading
∆large(0)/∆small(0) towards 3. This is also the reason
for moderated 2∆SC/kBTc ratio in this picture. Tem-
perature dependencies are very similar in both the cases,
but superconductivity is more favoured in the combined
intra-inter band case and Tc is smaller in inter-band only
pairing compared to that of intra-inter band picture. The
FIG. 5: Temperature variation of various OPs like SDW (in
black), ODW (in red) and superconductivity (electron FS vi-
olet, Hole FS blue) for different 122 FePn having different Tcs
for hole doped (µ = 1.42) system having sxy pairing symme-
try. Variation of BCS characteristic ratio with different Tcs
are indicated
zero temperature gap ratio (large to small) in the inter-
band only pairing is slightly less than 2 whereas that in
the intra-inter band picture is greater than 2 (∼ 2.5− 3)
[28]. The later scenario matches with the experimental
scenario much better. FIG.3, FIG.4, FIG.5, FIG.6 shows
the temperature variation of SDW, ODW and SCOPs
for various OP symmetries of the SC state like d+s, sxy
and isotropic s-wave considering combined intra and inter
band pairing on an equal footing. In all those figures (Fig
2-6) SDW OP, ODW OP, and SCOP for electron and
hole like Fermi surfaces are represented through black,
red, violet and blue respectively. These thermal varia-
tions of various OPs are used to establish the influence
of OP symmetries in specific heat calculations. At T=0K
the SC gap (both around electron and hole FS) is maxi-
mum, we take it as ∆sc (T=0). As there are two energy
gaps (around electron and hole like FS) we got two char-
acteristics ratios one is large for ∆esc and other one is
small for ∆hsc. The momentum averaged ∆
small
sc (k) is ob-
tained by taking average of ∆hsc over the outer Γ Fermi
line of FIG.1 whereas the momentum averaged ∆largesc (k)
is obtained by taking average of ∆esc over the inner Γ
Fermi line. In doing so, momentum dependence of the
SCOPs for various pairing symmetries are considered.
In each of the four cases (electron and hole doped d+s
wave, electron doped isotropic s-wave and hole doped
8FIG. 6: Temperature variation of various OPs like SDW (in
black), ODW (in red) and superconductivity (electron FS vi-
olet, Hole FS blue) for different 122 FePn having different
Tcs for electron doped system having isotropic s-wave pairing
symmetry. Variation of BCS characteristic ratio with differ-
ent Tcs are indicated
sxy pairing symmetry) we have found the value of large
and small 2∆SC/kBTc for different transition tempera-
tures and their values are presented inside the figures for
each set. Since in this work we are predicting proper-
ties like 2∆SC/kBTc, ∆C/Tc etc. as a function of Tc, we
need to vary Tc and calculate these properties. The SC
transition temperatures can be varied either by changing
chemical potential µ (for hole and electron doped cases)
or by modifying the effective attractive electron-electron
interaction strength V
e/h
0 (where V
e/h
kk′ are factorized as
V
e/h
0 ηkηk′ , the momentum dependencies of ηk determines
the symmetry of the SCOP). While the values of chemi-
cal potentials are presented in each figures 3–5, variations
in Tcs are obtained as explained above and its values are
presented in each figure. Specific heats for a particular
pairing symmetry are calculated using the temperature
dependencies of various order parameters in correspond-
ing pairing symmetries. In only inter-band scenario the
value of 2∆smallSC /kBTc is larger compared to that from
the experimental observation of ∼ 2.5 ± 1.5. From our
calculation we have got (in d+s pairing symmetry) small
and large 2∆SC/kBTc values around 4 and 10 for elec-
tron doped system and 3 and 9 for hole doped system re-
spectively. Both small and large 2∆SC/kBTc values are
smaller in the hole doped case (around 3 and 9) which is
also consistent with experimental results [16].
FIG. 7: Variation of specific heat as a function of temperature
at different Tc for electron doped 122 FePn systems having
d+s pairing symmetry and corresponding ∆C/Tc values in-
dicated in the graph in mJ/moleK2.
B. Thermal variation of specific heat
Temperature dependent specific heat is calculated us-
ing the relation mentioned above in the theoretical model
section. In this subsection we present the behaviour of
specific heat as a function of temperature for inter-band
only and combined intra-inter band scenarios. The SC
gap (in the inter-band picture only) around the hole FS
uses the density of states near the electron FS and vice
versa. As a result, for example, when V 0h is raised (which
increases the Cooper pair binding around the hole FS
but uses the states around electron FS for pairing) to
increase the SC Tc, the increment is only nominal com-
pared to that in the intra-inter band picture. This also
causes a distinct difference in the temperature depen-
dencies of specific heat. This in turn causes difference
in ∆C/Tc vs T
2
c dependence. FIG.11c shows the vari-
ation of specific heat as a function of temperature for
both only inter-band and intra-inter band cases. From
FIG.11c it is very clear that specific heat jump is smaller
in only inter band picture. In intra-inter band case all
the four allowed pairing symmetries are considered as in-
dicated earlier. FIG.7, FIG.8, FIG.9 and FIG.10 shows
the variation of specific heat with temperature for d+s
(electron and hole doped), sxy(hole doped) and isotropic
s-wave pairing (electron doped) symmetry respectively.
In each case, we have calculated the specific heat jump
9FIG. 8: Variation of specific heat as a function of temperature
at different Tc for hole doped 122 FePn systems having d+s
pairing symmetry and corresponding ∆C/Tc values indicated
in the graph in mJ/moleK2. SC and SDW/ODW jumps are
indicated in one of the figure.
∆C at different Tcs and plotted ∆C/Tc as a function of
T 2c . Our calculated value of specific heat is in the unit
of eV per 2 atoms. Most of the experimental results i.e.,
the value of specific heat are in the unit of mJ/moleK.
Scaling between mole and atom needs to be considered
in order to compare theoretical results with that of the
experiment. For example, in 122 system that contains
5 atoms, then without concern to whether all the atoms
has greater or lesser contribution to the Fermi level (in
case of 122 system, a mole of 122 is not considered to be
consists of only two Fe atoms even though the contribu-
tion of density of states at Fermi level mostly comes from
the Fe orbitals for these material) one has to multiply the
value of specific heat by a factor n (n = 5 for 122 case)
[2]. From these figures we clearly see that there are two
jumps in the specific heat value, one at low temperature
for SC transition (Tc) and other one at higher transition
temperature for SDW and ODW.
Calculated values of ∆C/Tc with a fixed Tc, for elec-
tron and hole doped systems with d+s pairing symmetry
matches well with the experimental results [32, 33]. The
estimated value of ∆C/Tc for other pairing symmetries
like sxy, isotropic s-wave are not very consistent with
the experimental observation. ∆C/Tc is nearly constant
with Tc for sxy pairing symmetry (see FIG.9). FIG.11a
and FIG.11b shows that ∆C/Tc is proportional to T
2
c
FIG. 9: Variation of specific heat as a function of tempera-
ture at different Tc for hole doped systems having sxy pairing
symmetry and corresponding ∆C/Tc values indicated in the
graph in mJ/moleK2.
FIG. 10: Variation of specific heat as a function of tem-
perature at different Tc for electron doped systems having
isotropic s-wave pairing symmetry and corresponding ∆C/Tc
values indicated in the graph in mJ/moleK2.
[in those figure of ∆C/Tc vs T
2
c , theoretical data points
are compared with linear curve (solid red line)] for both
electron and hole doped system with d+s pairing sym-
metry which is consistent with the experimental findings
[18, 32]. For other paring symmetry the behaviour of
∆C/Tc vs T
2
c is not very clear as far as our calculation
is concerned but certainly it is not proportional to T 2c .
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IV. SUMMARY AND CONCLUSION
We present within two-band model of superconduc-
tivity a detailed study of BCS characteristic ratio and
electronic specific heat. To calculate the above proper-
ties we present detailed study on the temperature de-
pendencies of various OPs, like SDW, ODW and super-
conductivity in the electron and hole bands. Our entire
work in the present paper may be summarized as follows.
Three scenarios of SC pairings are considered. (i) intra-
band pairing (ii) inter-band pairing and (iii) intra-inter
band pairing. Superconductivity within all the above
FIG. 11: Variation of ∆C/Tc as a function of T
2
c for (a)
electron and (b) hole doped 122 FePn systems having d+s
pairing symmetry. (c) Specific heat as a function of tempera-
ture in only inter-band vs combined intra-inter band pairing.
(d) Variation of ∆C/Tc as a function of T
2
c for only inter-band
pairing.
scenarios are studied in presence of inter-orbital SDW
and ODW order together with different allowed pairing
symmetries. The intra-band pairing leads to two distinct
Tcs and characteristic ratios similar to the weak coupling
BCS theory and hence found not suitable for Fe-based
superconductors , as it does not have much experimen-
tal evidence. In the solely inter-band pairing picture,
single global Tc is achieved and larger 2∆SC/kBTc con-
sistent with experimental findings are seen. This pic-
ture still suffers from drawbacks in the following (a)
∆large/∆small 6 2, (b) 2∆smallSC /kBTc exceeds experi-
mental findings, (c) ∆C/Tc ∝ T
2
c with proportionality
constant which is negative. In the third scenario with
combined intra-inter band pairing all the above men-
tioned shortcomings are overcome. In all the above pic-
tures coupled gap equations involving SDW, ODW and
SC-gaps are presented. Nature of quasi-particle in the
above three pictures are also pointed out. Specially, in
the inter-band only picture nature of gap equations (in
absence of magnetic and orbital orders) reproduces that
of the ref.[19]. The larger value of 2∆SC/kBTc is found
to be primarily due to the presence of inter-band pair-
ing (this includes also the conclusion of ref.[19]). Within
combined intra-inter band pairing for sign changing OPs
we find that the temperature dependence of specific heat
jump is very different from other classes of superconduc-
tors like conventional el-ph mediated BCS superconduc-
tors, A15 compounds, high Tc cuprates. We have shown
that the Characteristics ratios and ∆C/Tc variation with
Tc matches very well with experimental findings [16] in
case of d+s pairing symmetry (for both electron and hole
doped). Therefore, combined intra and inter band pair-
ing reproduces important features from experiment.
Finally, sign-changing dx2−y2 + sx2+y2 pairing symme-
try reproduces the desired ∆C/Tc as function of T
2
c be-
haviour than other pairing symmetries in the combined
intra-inter band pairing. Such paring symmetry is very
much consistent with the recent trends of experimen-
tal and theoretical research in the field [34–39]. The
d+s pairing symmetry are consistent with the nematic
phase observed in the phase diagram of Fe-based sys-
tems; according to this scenario the electronic ground
state preserves the translational symmetry of the crystal
but not the rotational symmetry [40]. Furthermore, we
have argued elsewhere [24] that the d+s pairing symme-
try is equivalent to s± symmetry in other models. We
demonstrate that independent of pairing mechanism any
theoretical model for Fe-based superconductors should
contain contribution from both the intra and inter band
pairing channels.
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